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Abstract: BRDF defines anisotropy of the surface reflection. It is required to specify the boundary 
condition for radiative transfer (RT) modeling used in aerosol retrievals, cloud retrievals, 
atmospheric modeling and other applications. Ground based measurements of reflected radiance 
draw increasing attention as a source of information about anisotropy of surface reflection. 
Derivation of BRDF from surface radiance requires atmospheric correction. This study develops a 
new method of retrieving BRDF on its whole domain making it immediately suitable for further 
atmospheric RT modeling applications. The method is based on the integral equation relating 
surface reflected radiance, BRDF and solutions of two auxiliary atmosphere-only RT problems. The 
method requires kernel-based BRDF. The weights of the kernels are obtained with a quickly 
converging iterative procedure. RT modeling has to be done only one time before the start of 
iterative process. 
Keywords: BRDF; surface-reflected radiance; ground measurements, atmosphere-surface 
decoupling 21 
22 
1. Introduction23 
Radiation reflected from the Earth surface presents a valuable source of information about 24 
surface properties that can be formalized in the Bi-directional Reflection Distribution Function 25 
(BRDF). That information is required to specify a boundary condition for radiative transfer (RT) 26 
modeling which is used in aerosol retrievals, cloud retrievals, atmospheric modeling and other 27 
applications. Ground based measurements of reflected radiance draw increasing attention as a source 28 
of information about anisotropy of surface reflection [1-7], along with development of measurement 29 
techniques [8]. Atmospheric correction has to be done to derive BRDF from surface radiance, so 30 
retrieval methods were also developed [9, 10]. 31 
The retrieval methods are based on a comparison of the measured and computed reflected 32 
radiance at the ground level. If yet another evaluation of the radiance is needed, then a full radiative 33 
transfer problem has to be solved anew for the new guess of BRDF. Decoupling of the atmospheric 34 
radiative transfer and anisotropic surface reflectance [11, 12] allows one to avoid multiple RT 35 
computations if standard problems (no reflection on the boundaries of the atmosphere) are solved. 36 
In [11] the solution was found in the form of a series by the number of reflections. In [12] surface-37 
reflected radiance is presented as a solution of an integral equation relating it with BRDF and 38 
radiances transmitted through and reflected by the atmosphere. The approaches to solve that 39 
equation if standard problems are solved with the discrete ordinates method and spherical harmonics 40 
method were also considered in that study. Recent study [13] developed yet another method to solve 41 
the equation for surface-reflected radiance based on 2D discretization on a unit sphere and iterative 42 
solution of the resulting system of linear equations. 43 
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Study [13] also considered inversion of the equation for the surface reflected radiance with 44 
respect to BRDF. The resulting equation presents an ill-posed problem but even if this complication 45 
is overcome it requires knowledge of the reflected radiance on its whole domain which practically 46 
cannot be achieved. The use of kernel-based BRDF became a standard approach to resolve such a 47 
problem [14 - 16]. Kernel-based BRDF models were used in various terrestrial applications [17 - 19]. 48 
Most of the models are comprised with 3 kernels though Liu and co-authors presented 5 kernel model 49 
[20]. An overview of the modern state of the field is given in [21]. In particular that study argued that 50 
“The BRDF model matrix is ill-conditioned if the number of kernels would be too much in exceed 51 
over three because of their similarity, which leads to linear dependence of model kernels. Therefore, 52 
further progress in BRDF modeling and inversion is related to these model extensions and 53 
implementation of advanced inversion techniques.” One of such inversion techniques is presented in 54 
this paper. Study [21] also states “the kernels could be of any kind of complexity, provided they 55 
properly and correctly mimic the observed information,” so that selection of kernels for the retrieval 56 
model is an important problem that should be addressed based on physical features of the surface. 57 
This problem is not considered in this study. The purpose of the development here is to present an 58 
algorithm for obtaining kernel weights in a situation when the choice of the kernels is clear. 59 
2. Methodology60 
2.1. Equation for Surface-Reflected Radiance 61 
The surface-reflected radiance can be expressed through BRDF with the following equation [12]: 62 
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Where source function S and kernel K are given with the following expressions: 63 
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Radiance I in eq. (2) is the solution of the RT problem for the same atmosphere without surface 64 
reflection, radiance J in eq. (3) is similar to I but for the atmosphere with inverse order of layers 65 
(flipped over atmosphere). 66 
Recent paper [13] discusses numerical solution of eq. (1). The key findings of that study 67 
important in the context of this study were: 1) source function S provides very good first 68 
approximation to the full solution of (1), 2) the use of numerical quadrature with respect to azimuth 69 
variable provides efficient way to solve the equation without expanding all quantities into Fourier 70 
series and consequent summation of the resulting series, 3) inversion of eq. (1) with respect to BRDF 71 
is theoretically possible but does not provide any advantages in retrievals since it is ill posed and 72 
requires knowledge (measurements) of the surface-reflected radiance on its entire domain which is 73 
practically impossible. 74 
2.2. Iterative fitting algorithm to derive BRDF from the surface reflected radiance 75 
The fact that source function S (2) of eq. (1) provides very good initial approximation of the 76 
reflected radiance ),,,( 0 tL  gives us an idea to improve that initial approximation by 77 
iterations. We will assume that: a) atmospheric state is known, i.e. radiances I and J can be modeled 78 
on their entire domains; real BRDF can be approximated by a finite set of kernels, see e.g. [16]: 79 
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So that the problem is reduced to obtaining weights of the kernels l . We will also assume that 80 
BRDF  and kernels l are symmetric functions of relative azimuth . Then, substituting (4) into eqs. 81 
(1) – (3) we obtain: 82 
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where 83 
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Surface reflected radiance L is usually measured on a limited set of sun-to-observer geometries, 84 
so we assume that L is known on a sparse set {0,i, i, i}, i=1, ... p, i=1, ... p. Then, the algorithm 85 
somewhat resembles iterative process in [22]. Eq. (5) is used twice in every step: first to obtain an 86 
approximation of BRDF and second to improve current approximation of L. 0-th approximation, step 87 
a): minimal square fit on the set of experimental data ),,,( ,0 iiiti LL  : 88 
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Step b): use obtained  0l  and eq. (8) to compute ),,,( 0
)0(  tL  needed for evaluation of the 89 
integral term in eq. (5); 1-st approximation, step a): minimal square fit on the set of experimental data 90 
 iL :91 
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Step b) use obtained )1(l  and eq. (9) to compute ),,,( 0
)1(  tL  needed to evaluate the integral 92 
term in eq. (9). The steps of the 1st approximation can be repeated until desirable convergence is 93 
reached. 94 
2.3. Numerical consideration 95 
Due to the assumption that all quantities in the equations above are symmetric functions of 96 
azimuth, all integrations over interval [0, 2] can be reduced to integration over interval [0, ]. This 97 
study employs the same quadrature scheme as used in [13]: Gaussian rule {j, j}, j = 1, …, m on [0, 1] 98 
and trapezoidal rule on a regular grid on [0, ] {i, wi}, i = 1, …, n, i = (i – 1), wi = (1 – i,0/2 – i,n/2), 99 
 = (n - 1). Discretized eq. (1) takes the form100 
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Numerical tests of the performance of the suggested algorithm were conducted with the 102 
following atmospheric conditions: the atmosphere is a uniform layer comprised with a) Rayleigh 103 
scattering and weak gas absorption, so that single scattering albedo (SSA) is 0.999 and optical 104 
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thickness R of 0.1 (this roughly corresponds to the wavelength of 550 nm) and b) transported mineral 105 
dust aerosol from OPAC [23] with optical thicknesses A of 0.1, 0.5, and 1.0. Single scattering 106 
properties of aerosol were computed with code SPHER [24]. It was found that it is essential to retain 107 
138 terms in Legendre expansion of the aerosol phase function. Radiances L, I, J were computed with 108 
DISORT using 158 streams for all 0 and  being nodes of the Gaussian quadrature of order m = 24 109 
and  on the regular grid described above with n = 49. 110 
Surface-reflected radiance was computed for two BRDF models. First, bare soil model by Nilson 111 
and Kuusk [25], see equations (11) and (11’) there: 112 
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The second model is MODIS BRDF, see [16] equations (37) – (44): 113 
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where factor 1/ comes in due to the difference in definitions, so that we will denote 1 = fiso/,2 = 114 
fvol/,3 = fgeo/. In this study the following particular values of the parameters were used: fiso = 0.265, 115 
fvol = 0.066, fgeo = 0.000 representing actual MODIS BRDF retrievals over Sahara desert. 116 
3. Results of BRDF retrievals117 
Surface-reflected radiance L obtained by solving the boundary value problem to the radiative 118 
transfer equation with DISORT can be used as a simulation of experimental measurements if taken 119 
at sparse geometries. Paper [13] compares radiance L directly computed with DISORT with numerical 120 
solution of eq. (1) using radiance I and J also computed with DISORT. It was found that solution 121 
obtained with DISORT has noticeable azimuthal noise of the order of few per cent, see Figures 1 – 3 122 
there. The numerical solution of eq. (1) obtained in [13] is not independent from errors introduced by 123 
DISORT thus it cannot be considered as more accurate. Though, the origin of this noise is beyond the 124 
scope of this paper but its presence in the solution makes it valuable opportunity to check robustness 125 
of BRDF retrievals by iterative process described above. 126 
Numerical experiments below will use surface reflected radiance L computed on the grid 127 
described in Section 2.3. Random selections of 12 and 60 geometries, i.e. values of {0,i, i, i}, were 128 
performed for each optical thickness, so that retrievals were performed on different sets of data. The 129 
purpose of this study is to test the developed algorithm, so the an optimized selection of data samples 130 
suggested in study [26] was not used. The final results of retrievals are summarized in Tables 1 and 131 
2. The iterative process of retrievals are showed in Figures 1 – 3. As one can see from the figures 0-th132 
iteration, eq. (8), provides good accuracy but it can be improved with the 1-st iteration, eq. (9). The 133 
difference between 1-st and 2-nd iterations can be hardly seen on the graphs. Within the accuracy of 134 
7 decimal figures there is no difference between 2-nd and all next iterations. Therefore, for practical 135 
purposes 0-th and 1-st iterations are enough for the process to converge. 136 
Tables 1 show that the increase of the aerosol optical thickness from 0.1 to 0.5 causes the increase 137 
of the standard deviation l  of the retrieved parameters l while further increase of A to 1.0 does138 
not cause the same effect. Tables 2 also show no clear tendency for l in this case. Also, greater A139 
(and, consequently, greater t) leads to greater difference between l  and theoretical values lt, in140 
some cases. However, theoretical values lt, either falls into 1- confidence interval around the141 
mean values l  or the relative difference between l  and lt, does not exceed 2%.142 
Table 1,a. Parameters of Nilson – Kuusk BRDF, eq. (13), retrieved from surface radiance using 10 sets 143 
of 60 randomly selected sun-to-sensor geometries for different optical thickness of the atmosphere. 144 
t = 0.2:
R = 0.1, A = 0.1
t = 0.6:
R = 0.1, A = 0.5
t = 1.1:
R = 0.1, A = 1.0
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parameter Theoretical 
value 
mean 
value 
standard 
deviation 
mean 
value 
standard 
deviation 
mean 
value 
standard 
deviation 
1 6.298 6.286 0.004 6.260 0.015 6.243 0.008 
2 2.826 2.815 0.008 2.793 0.027 2.809 0.033 
3 -1.650 -1.646 0.004 -1.645 0.019 -1.637 0.017 
4 2.956 2.948 0.013 2.964 0.055 2.953 0.061 
Table 1,b. Parameters of Nilson – Kuusk BRDF, eq. (13), retrieved from surface radiance using 10 sets 145 
of 12 randomly selected sun-to-sensor geometries for different optical thickness of the atmosphere. 146 
t = 0.2:
R = 0.1, A = 0.1
t = 0.6:
R = 0.1, A = 0.5
t = 1.1:
R = 0.1, A = 1.0
parameter Theoretical 
value 
mean 
value 
standard 
deviation 
mean 
value 
standard 
deviation 
mean 
value 
standard 
deviation 
1 6.298 6.291 0.026 6.256 0.109 6.193 0.325 
2 2.826 2.805 0.024 2.866 0.141 2.770 0.160 
3 -1.650 -1.656 0.045 -1.622 0.195 -1.564 0.314 
4 2.956 2.968 0.091 2.933 0.297 2.860 0.323 
147 
148 
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Table 2,a. Parameters of MODIS BRDF, eq. (14), retrieved from surface radiance using 10 sets of 60 149 
randomly selected sun-to-sensor geometries for different optical thickness of the atmosphere. 150 
t = 0.6:
R = 0.1, A = 0.5
t = 1.1:
R = 0.1, A = 1.0
parameter Theoretical 
value 
mean 
value 
standard 
deviation 
mean 
value 
standard 
deviation 
1 8.435 8.392 0.012 8.373 0.016 
2 2.101 2.156 0.072 2.099 0.058 
3 0. 0.005 0.008 -0.001 0.005 
Table 2,b. Parameters of MODIS BRDF, eq. (14), retrieved from surface radiance using 10 sets of 12 151 
randomly selected sun-to-sensor geometries for different optical thickness of the atmosphere. 152 
t = 0.6:
R = 0.1, A = 0.5
t = 1.1:
R = 0.1, A = 1.0
parameter Theoretical 
value 
mean 
value 
standard 
deviation 
mean 
value 
standard 
deviation 
1 8.435 8.348 0.079 8.404 0.086 
2 2.101 2.163 0.171 2.187 0.146 
3 0. -0.026 0.060 0.012 0.043 
153 
154 
(a) (b) 
(c) (d) 
Figure 1. Convergence of coefficients l (×100)in the case of BRDF (13) with R = 0.1, R = 0.1. Different 155 
colors are 10 random realizations of 12 observations. Dashed lines – theoretical values. (a) 1, (b) 2, 156 
(c) 3, (d) 4.157 
158 
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(a) (b) 
(c) (d) 
Figure 2. The same as Figure 1 but with A = 1.0 and for 10 random realizations of 60 observations. 159 
160 
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(a) 
(b) 
(c) 
Figure 3. Convergence of coefficients l (×100)in the case of BRDF (14) with R = 0.1, R = 0.5. Different 161 
colors are 10 random realizations of 60 observations. Dashed lines – theoretical values. (a) 1, (b) 2, 162 
(c) 3.163 
164 
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4. Discussion165 
Analysis of Tables 1 and 2 shows that mean values over 10 randomly selected Sun-to-sensor 166 
geometries are closer to theoretical values for optically thin atmosphere. It means that even in the 167 
ideal case of modeling surface signal with known BRDF and atmospheric condition accuracy of the 168 
radiative transfer modeling play affects the accuracy of BRDF retrievals. The problem here is at least 169 
two-fold. First, the noise in surface-reflected radiance increases with the increase of the optical 170 
thickness making retrievals from it less accurate. Second, since retrieval process depends on the 171 
radiances I and J transmitted through and reflected by unbound atmosphere their accuracy and 172 
potential presence of noise their also affect the accuracy of retrieval process. 173 
The iterative process itself shows very quick convergence regardless of the surface type and 174 
atmospheric conditions. 175 
The accuracy of the retrievals under different atmospheric conditions and for different surfaces 176 
can be illustrated with 1- confidence intervals relative to the theoretical value for those parameters 177 
which have non-zero lt, :178 
%100]1||/)|[(| ,  ltll , (15)
This relative intervals are presented in Tables 3 and 4 below. 179 
Table 3,a. Relative confidence intervals, eq. (15), of the retrieved parameters of Nilson – Kuusk BRDF, 180 
eq. (13), retrieved from surface radiance using 10 sets of 60 randomly selected sun-to-sensor 181 
geometries for different optical thickness of the atmosphere. 182 
t = 0.2:
R = 0.1, A = 0.1
t = 0.6:
R = 0.1, A = 0.5
t = 1.1:
R = 0.1, A = 1.0
        
1 -0.25 -0.13 -0.84 -0.37 -1.00 -0.75
2 -0.67 -0.11 -2.12 -0.21 -1.77 0.57
3 -0.48 0.00 -1.45 0.85 -1.82 0.24
4 -0.71 0.17 -1.59 2.13 -2.17 1.96
Table 3,b. Relative confidence intervals, eq. (15), of the retrieved parameters of Nilson – Kuusk BRDF, 183 
eq. (13), retrieved from surface radiance using 10 sets of 60 randomly selected sun-to-sensor 184 
geometries for different optical thickness of the atmosphere. 185 
t = 0.2:
R = 0.1, A = 0.1
t = 0.6:
R = 0.1, A = 0.5
t = 1.1:
R = 0.1, A = 1.0
        
1 -0.52 0.30 -2.40 1.06 -6.83 3.49 
2 -1.59 0.11 -3.57 6.40 -7.64 3.68 
3 -2.36 3.09 -13.52 10.12 -24.24 13.82 
4 -2.67 3.48 -10.83 9.27 -14.17 7.68 
Table 4,a. Relative confidence intervals, eq. (15), of the retrieved parameters of MODIS BRDF, eq. (14), 186 
retrieved from surface radiance using 10 sets of 60 randomly selected sun-to-sensor geometries for 187 
different optical thickness of the atmosphere. 188 
t = 0.6:
R = 0.1, A = 0.5
t = 1.1:
R = 0.1, A = 1.0
   
1 -0.65 -0.37 -0.92 -0.55
2 -0.81 6.04 -2.86 2.67
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Table 4,a. Relative confidence intervals, eq. (15), of the retrieved parameters of MODIS BRDF, eq. (14), 189 
retrieved from surface radiance using 10 sets of 12 randomly selected sun-to-sensor geometries for 190 
different optical thickness of the atmosphere. 191 
t = 0.6:
R = 0.1, A = 0.5
t = 1.1:
R = 0.1, A = 1.0
     
1 -1.97 -0.09 -1.39 0.65 
2 -5.19 11.09 -2.86 11.04 
Confidence intervals are generally smaller for smaller optical thicknesses and for greater number 192 
of “observations” used in retrieval process. It is easy to see that in many instances one parameter has 193 
positive bias while another has negative. This leads to some cancellation of errors reducing the overall 194 
error in albedo. 195 
It is important to mention that for MODIS BRDF (eq. (14)) retrieval testing one of the parameters, 196 
3, was deliberately chosen to be zero. The purpose was to check how accurately this zero can be197 
caught by the retrieval algorithm. Lucht and co-authors [16] argued that retrieved parameters of 198 
BRDF (14) should be non-negative. Lewis [15] considering retrievals of the kernel weight with 199 
minimization of the error function argued that “The minimum of the error function described above 200 
can sometimes lie outside of physical limits. In this case, the minimum lies on one of the constraint 201 
boundaries in N,-dimensional space.” Following this idea study [16] suggests that “If the 202 
mathematical inversion produces a negative parameter, the next best valid value for this parameter 203 
is zero, under which imposed condition, the remaining kernel parameters should be re-derived.” In 204 
the case presented in Figure 3,c all retrievals are wrong, both positive and negative. There are 3 205 
negative and 7 positive retrievals there. Following the approach above negative values should be set 206 
to zero and retrieval algorithm should be re-run without third kernel while 7 positive but equally 207 
wrong values should be left as is. The approach can be modified in this situation. If an algorithm is 208 
intended to be used on certain amount of data points of certain quality then performance (absolute 209 
error l of each parameter) of the retrievals can be established statistically with extensive radiative 210 
transfer modeling. Then, if a retrieved value l falls into an interval m,l ± l it around marginal value 211 
m,l, l should be set m,l. In the case showed in Figure 3,c m,3 = 0.0, 3 can be set, e.g., equal 3 = 0.008,212 
see corresponding value in Table 2,a. This eliminates 4 (out of 7) positive values of 3. Setting 3 = 23213 
eliminates 6 and 3 = 33 eliminates all 7 positive (and wrong) retrievals of 3.214 
5. Conclusions215 
An algorithm for retrievals of BRDF from the surface-reflected radiance measured at the ground 216 
level is presented. The algorithm is based on the equation relating BRDF with the surface reflected 217 
radiance and the solutions of the RT problems for un-bound atmosphere. The previous analysis of 218 
the contributions of the different terms of the equation for the reflected radiance suggested that only 219 
minor correction to the source term of the equation has to be done. Therefore, fast convergence of the 220 
iterative process could be expected. 221 
The presented algorithm requires assumption on the atmospheric condition. It is based on 222 
kernel-based BRDF, therefore it also requires an assumption on the functional form of the kernels 223 
comprising BRDF. The algorithm returns the weights of the kernels. The choice of the kernels 224 
depends on the physical properties of the surface. 225 
It was showed that the algorithm converges very quickly, no more than 1 iteration (after initial 226 
guess) is needed. Accuracy of the algorithm depends on the number of experimental measurements 227 
used for retrievals, optical thickness of the atmosphere as well as the quality of the measurements of 228 
the surface-reflected radiance. The last two factor may not be independent in the context of this study 229 
since the surface-reflected radiance was simulated with DISORT. It was showed in previous study 230 
[13] that there is some noise in those simulation with magnitude increasing with the optical thickness231 
of the atmosphere. Retrievals were performed on the sets of 12 and 60 randomly selected sun-to-232 
sensor geometries. While the mean values of the retrieved kernel weights over 10 sets of geometries 233 
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are within ~5% of the theoretical values for both 12 and 60 samples (with better match for optically 234 
thinner cases), the range on those sets being wider for the smaller number reaching up to ~25% in 235 
certain cases but staying generally within ~10%. 236 
237 
238 
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